The purpose of this paper is to propose a modified hybrid method in mathematical programming and to obtain some strong convergence theorems for common fixed points of a countable family of Lipschitzian mappings. Further, we apply our results to solve the equilibrium and optimization problems. The results of this paper improved and extended the results of W. Nilsrakoo and S.
Introduction and Preliminaries
Let H be a real Hilbert space with inner product ·, · and norm · and let C be a nonempty subset of H. A mapping T : C → C is said to be Lipschitzian if there exists a positive constant L such that Tx − Ty ≤ L x − y , ∀ x, y ∈ C.
1.1
In this case, T is also said to be L-Lipschitzian. Throughout the paper, we assume that every Lipschitzian mapping is L-Lipschitzian with L ≥ 1. If L 1, then T is known as a nonexpansive mapping. We denote by F T the set of fixed points of T . There are many methods for approximating the fixed points of a nonexpansive mapping. In 1953, Mann 1 introduced the following iteration method:
x n 1 α n x n 1 − α n Tx n , 1
Fixed Point Theory and Applications where the initial guess element x 0 ∈ C is arbitrary, and {α n } is a real sequence in 0, x 0 ∈ C chosen arbitrarily,
where P K denotes the metric projection from H onto a closed convex subset K of H. The iterative method 1.3 is said to be hybrid method or CQ method. In recent years, the hybrid method 1.3 has been modified by many authors for other nonlinear operators 2, 5-10 . In 2008, Nilsrakoo and Saejung 11 used the hybrid method to obtain a strong convergence theorem for countable Lipschitzian mappings {T n } ∞ n 0 as follows.
Theorem NS. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let
{T n } ∞ n 0 be a sequence of L n -Lipschitzian mappings from C into itself with L n ≥ 1 and let ∞ n 0 F T n be nonempty. Assume that {α n } is a sequence in 0, 1 with lim sup n → ∞ α n < 1. Let {x n } be a sequence in C defined as follows:
where
as n → ∞. Let ∞ n 1 sup{ T n 1 z − T n z : z ∈ B} < ∞ for any bounded subset B of C, and let T be a mapping of C into itself defined by Tz lim n → ∞ T n z, for all z ∈ C and suppose that F T ∞ n 0 F T n , then {x n } converges strongly to P F T x 0 .
Nilsrakoo and Saejung also apply the aforementioned result to obtain an applied result for equilibrium problems.
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The purpose of this paper is to propose a modified hybrid method in mathematical programming and to obtain some strong convergence theorems for common fixed points of a countable family of Lipschitzian mappings. Finally, we apply our results to solve the equilibrium and optimization problems. The results of this paper improved and extended the Nilsrakoo and Saejung results in some respects.
Recall that given a closed convex subset K of a real Hilbert space H, the nearest point projection P K from H onto K assigns to each x ∈ H its nearest point denoted by P K x in K from x to K; that is, P K x is the unique point in K with the property
The following lemma is well known.
Lemma 1.1. Let K be a closed convex subset of a real Hilbert space H. Given x ∈ H and z ∈ K.
Then z P K x if and only if there holds the relation:
Definition 1.2. Let C be a nonempty closed convex subset of a real Hilbert space H and let
n 0 is said to satisfy the SU condition, if the following conditions hold: 1 for any strong convergence sequence {x n } ⊂ C, the sequence {T n x n } is also strong convergent;
2 the common fixed points set ∞ n 0 F T n is nonempty; 3 F T ∞ n 0 F T n , where T : C → C is defined by Tx lim n → ∞ T n x, for all x ∈ C, F T denotes the fixed points set of T .
In Section 3 of this paper, we will give an important example of sequence of L nLipschitzian mappings which satisfies the SU condition.
Lemma 1.3. Let C be a nonempty closed convex subset of a real Hilbert space H and let
Proof. Observe that, for all x, y ∈ C, we have
The results 1 -3 are easy to prove. x 0 ∈ C chosen arbitrarily,
2.1
2.2
Then {x n } converges strongly to P F T x 0 , where P K is the metric projection from H onto closed convex subset K.
Proof. We first prove that C n and Q n are closed and convex for each n ≥ 0. From the definition of C n and Q n , it is obvious that C n is closed and Q n is closed and convex for each n ≥ 0. We prove that C n is convex. Since y n − z ≤ x n − z θ n is equivalent to
it follows that C n is convex. Next, we show that F T ⊂ C n , for all n ≥ 0. For any p ∈ F T , we have
2.4
Fixed Point Theory and Applications 5 so that p ∈ C n , therefore, we have F T ⊂ C n , for all n ≥ 0. Next, we show that F T ⊂ Q n , for all n ≥ 0. We prove this by induction. For n 0, we have F T ⊂ C Q 0 . Suppose that F T ⊂ Q n , then F T ⊂ C n ∩ Q n and there exists a unique element x n 1 ∈ C n ∩ Q n such that x n 1 P C n ∩Q n x 0 . By using Lemma 1.1, we have
for all z ∈ C n ∩ Q n . In particular,
for all p ∈ F T . It follows from the definition of Q n 1 that F T ⊂ Q n 1 . By using the principle of induction, we claim that F T ⊂ Q n , for all n ≥ 0. Therefore, we have F T ⊂ C n ∩ Q n , for all n ≥ 0. Now the sequence {x n } is well defined. It follows from the definition of Q n that x n P Q n x 0 . Therefore, we have
for all z ∈ F T ⊂ Q n . This implies that the { x n − x 0 } is bounded. On the other hand, from x n 1 P C n ∩Q n x 0 ∈ Q n , we have
for all n ≥ 0. Therefore, { x n − x 0 } is nondecreasing and bounded. So that lim n → ∞ x n − x 0 exists. Note again that x n P Q n x 0 , hence for any positive integer m, we have x n m ∈ Q n m−1 ⊂ Q n which implies that x n m − x n , x n − x 0 ≥ 0. Therefore, we have
2.9
From this inequality, we know that {x n } is a Cauchy sequence in C, so that there exists a point p ∈ C such that lim n → ∞ x n p. Since x n 1 ∈ C n , then y n − x n 1 2 ≤ x n − x n 1 2 θ n this together with θ n → 0, as → ∞, implies that lim n → ∞ y n p. From lim sup n → ∞ α n < 1, we get
Fixed Point Theory and Applications as n → ∞. Since T is nonexpansive, therefore,
as n → ∞. Then lim n → ∞ x n p ∈ F T . Finally, we claim that p p 0 P F T x 0 . If not, we have x 0 − p > x 0 − p 0 . There must exists a positive integer N, if n > N, then x 0 − x n > x 0 − p 0 , which leads to
2.12
It follows that x n − p 0 , x 0 − x n < 0 implies that p 0 / ∈Q n This is a contradiction, hence p p 0 . This completes the proof.
The following theorem directly follows from Theorem 2.1. x 0 ∈ C chosen arbitrarily,
2.13
Then {x n } converges strongly to P F T x 0 . Where P K is the metric projection from H onto closed convex subset K.
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Application for Equilibrium and Optimization
Let C be a nonempty closed convex subset of a real Hilbert space H. Let f be a bifunction of C × C into R, where R is the set of real numbers. The equilibrium problem for F :
The set of solutions of 3.1 is denoted by EP F . Given a mapping T : C → H, let f x, y Tx, y − x , for all x, y ∈ C. Then, z ∈ EP f if and only if Tz, y − z ≥ 0, for all y ∈ C, that is, z is a solution of the variational inequality. Numerous problems in physics, optimization, and economics reduce to find a solution of 3.1 . Some methods have been proposed to solve the equilibrium problem; see, for instance, 12-16 . For solving the equilibrium problem for a bifunction f : C × C → R, let us assume that f satisfies the following conditions:
A1 f x, x 0, for all x ∈ C;
A2 f is monotone, that is, f x, y f y, x ≤ 0, for all x, y ∈ C;
A3 for each x, y, z ∈ C, lim t↓0 f tz 1 − t x, y ≤ f x, y ; 3.2 A4 for each x ∈ C, y → f x, y is convex and lower semicontinuous.
We need the following lemmas for the proof of our main results. 
